Introduction
We give a general construction which associates a formal compact space to any distributive lattice. This construction is used to give a direct constructive proof of Tychono 's and Steenrod's theorem. The last theorem is proved in 4], but with a proof that uses classical reasoning 1 . Our arguments are valid both in topos theory and in a predicative theory such as CZF 1].
Formal Spaces and Distributive Lattices
It will be convenient here to work with the following modi cation of the notion of site 5]. We represent a formal space X as a distributive lattice D together with a nucleus j : Idl We assume now given an inverse system of compact spaces X i ; i 2 I with a continuous map f ij : X j ! X i for i j. The proof that the inverse limit of this system is compact follows the same pattern as the previous proof of Tychono ' Proof. By the proposition we only have to prove, for a 2 D i and U 2 Idl(D i ) a / i U ! i (a) i (U) Assume a / i U and x _ i (a) = 1: We can assume x of the form i 1 (a 1 ) _ _ in (a n ). We can then nd k i; i 1 ; : : : ; i n such that f ik (a) _ f i 1 k (a 1 ) _ _ f ink (a n ) = 1 in Idl(D k ; / k ) and hence, since / k satis es the equivalence of proposition 1.1 we have v 2 f ik (a); u 1 2 f i 1 k (a 1 ); : : : ; u n 2 f ink (a n ) such that v _ u 1 _ _ u n = 1: Since a / i U we have v / kf ik (U) and so v f ik (U). Hence we can nd u 2 f ik (U) such that u _ u 1 _ _ u n = 1: This implies k (u) _ x = 1 and k (u) is in the ideal generated by i (U):
Appendix: Distributive lattices and entailment systems
We recall some results in 3]. An entailment relation is a set S with a binary relation`between nite subsets Fin(S) of S such that 
